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Let X be an r-uniform hypergraph in which the minimum number of edges 
covering all vertices is p = p(X). In answering two questions of T. Gallai we prove 
that 
(1) every collection A? of pairwise disjopint edges (= matching) of X is 
contained in a covering of size at most (2 - r - ‘)p, and 
(2) every maximum matching A? of 2 is contained in a covering of size at 
most (2 - (r - l)-‘)p. Both estimates are sharp. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
Three decades ago T. Gallai [2] discovered a basic identity involving the 
maching number, covering number and number of vertices of a graph. To 
recall his result, let 2 be a graph or an r-uniform hypergraph (= a collec- 
tion of r-element subsets of a finite underlying set X) without isolated 
points, i.e., u HE S H = X. (The elements of X and X are called vertices and 
edges, respectively.) The matching number v(X) of X is the maximum size 
of a matching (= a collection of pairwise disjoint edges of X); the covering 
number p(X) of X is the minimum size of a covering (= a collection of 
edges whose union is X). Then a result of [2] states the following: 
THEOREM A. For every graph 2, v(X) + p(X) = 1x1. 
In fact, Gallai proved this statement in a much stronger form: 
THEOREM B. In any graph 2, every matching A of size v(X) is 
contained in a covering %? of size p(X). 
Note that if an arbitrary matching JZ?’ is contained in a covering 59 which 
is minimal under inclusion, then 1 &k’I + \%I = (XI always holds. The converse 
of Theorem B for graphs was also shown to be true in [2]: 
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THEOREM C. Every minimum covering of a graph 2 contains a matching 
of size v(X). 
Some years ago professor Gallai observed [3] that the properties listed 
above do not hold for r-uniform hypergraphs in general and raised the 
question of how one can estimate the smallest size of coverings that contain 
a given matching of 2. The solution to his problem is formulated in the 
following two results. 
THEOREM 1. rfX is an r-uniform hypergraph, then every matching A of 
A? is contained in a covering $9 such that ]%‘[ 6 (2 - r-l) p(Z). 
THEOREM 2. If Z is an r-uniform hypergraph, then every matching ~4’ 
of X with 1~41 = v(Z) is contained in a covering 97 such that /WI d 
(2-(r-l))‘)p(X). 
There are hypergraphs with an arbitrarily large matching number in 
which no covering of minimum size contains two disjoint edges. Therefore 
the extension of Theorem C is a little different from the previous two 
results. 
THEOREM 3. If %’ is a covering of an r-uniform hypergraph 2 and 
[%?I = p(X), then v(W) > (r - 1) v(X) - (r - 2) p(X). 
In Section 3 we provide some constructions showing 
THEOREM 4. For every r > 2, Theorems 1 and 2 are sharp for infinitely 
many values of p and v, and Theorem 3 is sharp for every p and v (p > v, 
(r- l)v>(r-22)~). 
The two assumptions involving p and v are necessary for sharpness, since 
v(P) < p(Z) holds for every Z, and the right-hand side of the inequality 
in Theorem 3 has to be positive (unless Z = 0). 
An interesting subclass G, of the class of r-uniform hypergraphs is 
obtained from graphs. Namely, by assuming that each vertex of a graph $9 
is contained in a complete subgraph of order r, we can consider the hyper- 
graph X whose vertex set is identical to that of $9, and an r-tuple is an 
edge of X if and only if it induces a complete subgraph in $9. The construc- 
tions given in Section 3 can be generated in this way, implying the validity 
of Theorem 4 for the restricted class of G,., too. 
We note that for graphs there are many “Gallai-type” equalities having 
a form like that of Theorem A. Many of them can be found in [ 11. 
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2. PROOF OF THE INEQUALITIES 
Proof of Theorem 1. Suppose that the edges E,, . . . . Ek E X form a 
matching. Choose a minimal covering (F,, . . . . F,} of X, p = p(X), con- 
taining as many of the Ei as possible; denote by k’ the number of those 
Ei E {F,, . . . . F,}, and put k” = k - k’. Moreover, write p in the form 
k’ +f’ +f”, where f” is the number of the F’ that are subsets of the set 
E,u .a. u E,. Observe that by replacing those f” edges by the k” ones of 
IE 1, . . . . Ek} we again obtain a covering of 2; hence, the theorem will 
follow if we show that k” -f” f (1 - ~-‘)p. 
Those k” edges are pairwise disjoint, and f’ of the p edges F’ have at 
most r - 1 vertices in E, u . . . u Ek. Thus, 
rk” 6 rf” + (r - 1) f’, 
r(k” -f”) < (r - 1)f’ < (r - l)p, 
and the theorem follows. 1 
Before verifying Theorems 2 
ment concerning the matching 
and 3, we prove the following 
number of set systems. 
simple state- 
PROPOSITION 1. Let H, , . . . . HP be arbitrary finite sets. rf JH,I + . . . -I- 
/H/J - IHI u ... u HP1 = q, then there are at least p - q pairwise disjoint sets 
among the Hj. 
Proof Mark a set Hi if it is disjoint from all Hj, j < i. By our assump- 
tion on the size of H, u . . . u HP, there are at most q sets unmarked. 
Consequently, the other at least p - q sets are pairwise disjoint. 1 
Proof of Theorem 2. Let the edges E,, . . . . Ek E X form a matching of 
size k = v(Z). As in the proof of Theorem 1, choose a minimal covering 
F 1, . . . . Fp of 2, p = p(x), containing as many of the Ei as possible. Denote 
by k’ the number of those Ei E {F,, . . . . Fp >, and let k” = k - k’. Write p in 
the form k’ + f’ + f “, where f" is the number of the Fj which are subsets 
of the set El u ... u E,. Lastly, let n’ denote the number of vertices not 
belonging to El u . . . u Ek. 
Suppose that there are s edges among the k’ ones (those in 
iE 1, . . . . &} n { 4, . . . . FQ) ) that have a non-empty intersection with some 
of the other f’ + f” edges of the covering. Then the union of the latter ones 
has cardinality at least rk” + s + n’ (since the I;;. form a covering of Z, and 
the k = k’ + k” edges Ei are pairwise disjoint). Thus, by Proposition 1, there 
are at least 
f’+f”-(r(f’+f”)-(rk”+s+n’))=rk”+s+n’-(r-l)(f’+f”) 
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pairwise disjoint edges among the f’ + f” ones. When those k’ - s edges Ei 
that do not meet their union are added to them, the size of the matching 
obtained still cannot exceed v(X) = k’ + k”. Consequently, 
k’-s+rk”+s+n’-(r-l)(f’+f”)<k’+k”, 
(r - l)(k” -f”) < (r - 2)f’ + (f’ - n’), 
k”-f”< (1 -(r- 1))‘)f’+ (f’-n’)/(r- 1). 
Since f’ d p(X), if f’ < n’, then we can replace the f” edges Fj by the k” 
E;s and obtain a covering of Z with at most (2 - (r- 1)-l) p(X) edges, 
including all the Ei (1 < i < k). On the other hand, if f’ b n’, we certainly 
need not add more than n’ edges to (El, . . . . Ek) in order to find a covering. 
In this case we cover X’ with at most 
k+n’=k’+k”+n’=(p-f’-f”)+k”+n’ 
=p+(k”-f”)-(f’-n’) 
~p+(l-(r-l)-l)f’-(l-(r-l)-l)(fr-n’) 
G@-(r- l)-‘)p@fy 
edges. 1 
Proof of Theorem 3. Suppose that the edges F,, . . . . Fp E X (p = p(Z)) 
form a covering of Z, and let {E, , . . . . E, > (v = v(Z)) be a largest 
matching. By the minimality of p, there are at least p - v vertices not 
contained in E, u . . . u E,. Thus, the total number n of vertices we obtain 
rv+(p-v)~n~tr- l)p+v((F,, . . . . F,)), 
by applying Proposition 1 for p = p and 4 = pr - n. Consequently, any 
covering (of minimum size) contains at least (r - 1) v - (r - 2)p pairwise 
disjoint edges. 1 
3. SHARPNESS OF THE INEQUALITIES 
In this section we give three constructions showing 
and 3 are sharp. 
that Theorems 1, 2, 
CONSTRUCTION 1. Let X= (xi,il 1 <i<r, 1 <j<r) be a vertex set of r2 
elements, and let the 2r - 1 edges of X be (x, 1, . . . . Xi,r> (1 < i < r) and 
{ x1, j9 *-*, Xr,j> (1 d j< r - 1). Then the latter r - 1 edges form a matching 
which can be completed to a covering of Z only by adding the former 
r = p(X) = v(X) edges. 
96 ZSOLTTUZA 
By taking arbitrarily many vertex disjoint copies of this 2, we can 
verify the sharpness of Theorem 1 whenever the covering number (and the 
matching number) is a multiple of r. 
CONSTRUCTION 2. First, take Y - 2 pairwise disjoint r-element sets E,. 
Then cover their union with r - 1 sets Hj, each of cardinality r - 1, in such 
a way that Ei n Hj # a holds for all i and j. Last, complete each Hj to an 
r-element set F’ by adding a new element to it (distinct elements to distinct 
Hi). This hypergraph X has 2r - 3 edges, and v(Z) = r - 2, because two 
of the R” have a non-empty intersection. Hence, the Ei form a matching of 
maximum size that can be completed to a covering of Z only by adding 
the r- 1 =p(S) E”s. 
By taking arbitrarily many vertex-disjoint copies of this &‘, we can verify 
the sharpness of Theorem 2 whenever the covering number is a multiple of 
Y - 1 (and the matching number is a multiple of r - 2). 
CONSTRUCTION 3. For any given p and v, put v’=(Y-l)v-(r-22)~. 
Let F1, . . . . FP be p sets of cardinality r, such that v’ - 1 of them are disjoint 
from any other, and the remaining p - (v’ - 1) have just one element in 
common. Hence, the union of the 8” has cardinality (Y - 1)p + v’ = p + 
(r - 1)~. Choose a p-element set Y that meets each F’ in precisely one 
element. Cover the (r - 1)v elements not belonging to Y with v sets Hi, 
each of cardinality r - 1, and complete every Hi to an Ei by adding some 
element of Y to it (distinct elements to distinct Hi). The r-uniform hyper- 
graph X obtained in this way has v(X) = v, because each of its edges has 
r - 1 elements outside Y. Moreover, p(2) = p, because Y cannot be 
covered with less than p edges of 2. Hence, Theorem 3 is sharp for all p 
and v such that pav and (T-l)v>(~-22)~. 
ACKNOWLEDGMENT 
his 
am indebted to professor Gallai for inviting 
comments on the first version of the proofs. 
REFERENCES 
attention to his problems, and also for 
1. E. J. COCKAYNE, S. T. HEDETNIEMI, AND R. LASKAR, Gallai theorems for graphs, hyper- 
graphs and set systems. Discrete Math. 72 (1988), 3547. 
2. T. GALLAI, Ober extreme Punkt- und Kantenmengen. Ann. Univ. Sci. Budapest Eiitviis Sect. 
Math. 2 (1959), 133-138. 
3. T. GALLAI, private communication. 
